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Abstract: This work deals with multivariate stochastic volatility oels, which account
for a time-varying variance-covariance structure of theastable variables. We focus on
a special class of models recently proposed in the litezand assume that the covariance
matrix is a latent variable which follows an autoregresaiishart process. We review
two alternative stochastic representations of the Wispartess and propose Markov-
Switching Wishart processes to capture different regimeie volatility level. We apply

a full Bayesian inference approach, which relies upon Sadiénonte Carlo (SMC) for
matrix-valued distributions and allows us to sequentiafifimate both the parameters and
the latent variables.
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1. Introduction

Many financial time series share some common features, atsorkas stylized facts. The
following features: time-varying volatility, clusteririg volatility and excess of kurtosis
are well described by univariate stochastic volatility misd See the seminal works of
Taylor (1986, 1994) and Jacquietral. (1994).

In order to capture dependencies and spill-over effecisdmt the volatility of different
variables, the univariate models have been successfuliyésd to the multivariate case
by Harveyet al. (1994), Aguilar and West (2000) and Clebal. (2006). We also refer
the reader to Asai and McAleer (2006a) and Astaal. (2006) for an updated review on
multivariate stochastic volatilityMSV) models.

Earlier MSV models assume a constant correlation betweeokibervable variables. This
assumption is quite unrealistic for many economic and firduseries (see for example
Engle (2002) and Pelletier (2006)). Thus in the last few yé&aere has been an increasing
attention to a new class of stochastic volatility modelsjolvtaccount for time-varying
and stochastic correlation structure.
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In this work we deal with the MSV models proposed by Philipond &lickman (2006)
and Gourierouxet al. (2004). They use two different stochastic representataing
Wishart autoregressive process for the stochastic viyatilheir models allow for time-
varying variances and covariances, which determine intiglia time-varying stochastic
correlation structure between asset returns. For an updk$eussion on the different
ways of introducing the time-varying correlation into MS\bdels we refer to Asai and
McAleer (2006b, 2005).

The first contribution of this work is to propose some extensiof the Wishart MSV
model. In particular following Set al. (1998) we are interested in capturing different
regimes in the volatility behavior. To this aim we assume tha parameters of the
Wishart autoregressive process are driven by a MarkoveBimig process. We study the
effect of the Markov-switching process on the volatilitydaon the correlation structure of
the observable, which results implicitly determined bywbktilities and the covariances.
In this work we propose a on-line filtering approach for theshidirt-type MSV models.
The on-line estimation of the latent Wishart process is vegful in a applied context,
but represents a challenging inference problem. The inéer¢ask is difficult not only
due to the nonlinear and non-Gaussian dynamics, but alstodhe fact that the posterior
distribution has not closed form and that the hidden statsmatrices, possibly of high
dimension. Note that the Kalman Filter was originally dedirfer vector-valued state
(Kalman (1960) and Kalman and Bucy (1960)), but in many apfibois (such as finance
and engineering) the states of a stochastic system arealtatdefined by a matrix. In
our work the time-varying volatility structure of set of trseries are naturally defined
by a nonsingular positive-definite matrix. We propose a gargrobabilistic state space
representation of the MSV model and solve the inferencelenolby using nonlinear
filtering techniques. In this work, we bring into action segtial Monte Carlo techniques
(Berzuiniet al. (1997), Arulampalanet al. (2001), Doucett al. (2001)) and apply them
to the Wishart-type MSV models.

The proposed regularised patrticle filters belong to the faofisimulation based meth-
ods. These include the simulated maximum likelihood metagosed by Danielson
and Richard (1993), and Danielsson (1994), MCMC method pexpbyg Jacquieet al.
(1994) and improved by Kim and Chib (1998), maximum likelidddonte Carlo (Sand-
mann and Koopman (1998)), the simulation method using itapbsampling and anti-
thetic variables proposed by Durbin and Koopman (2000)iefit method of moments
(EMM) by Gallant and Tauchen (1996).

The last contribution of the work is to propose a full Bayesapproach to the joint esti-
mation of the parameter and the latent variable. We augrhersthate space of the system
by considering the parameter as latent variable. The @igitate-space model can be
represented in a vector form and the filtering problem canpgpdied to the vectorized
form. The vectorized version of the system is useful becaadiews us to evaluate many
guantities of interest, such as general measures of fifena prediction abilities of the
model. However the vectorized version is not suitable falidg with constrains on the
hidden states. In our work and following Bar-Itzhaatial. (2006) and Choukroun (2003)
we do not vectorize the system and follow an alternativeerowrhich make advantage of
the probabilistic structure of the model. Note that our gehstate-space representation
includes as special case the linear and Gaussian mattedatate space models studied
in Bar-Itzhacket al. (2006) and Choukroun (2003).

In that case the Matrix Kalman Filter proposed by the autimoptimal solution of the
filtering problem when compared to our nonlinear filteringiach.



The structure of the work is as follows. Section 2. proposgsesnew Wishart MSV
models, those parameters are governed by a Markov-switgnocess. Section 3. deals
with the inference problems and proposes a full Bayesianenfee approach, which relies
upon Sequential Monte Carlo algorithms. We suggest to takarddge of the matrix
structure of the states to reduce the computational contylekthe nonlinear filtering
procedure. Section 4. exhibits a simulation analysis optioposed inference approach.

2. Wishart Stochastic Volatility Processes

Let M% C R*** denote the set of all the real-valued symmetric and positafinite
matrices of dimensio. Let {y,}:>o, With y, € R¥, represent the stochastic process
of log-returns and >, },>o, with 2, € M’j, the matrix-valued stochastic process of the
variance-covariances.

We define the following multivariate model with Wishart stastic volatility

Yy ~ Ni(0g, %) (1)
57~ W (4, E) )

fort = 1,...,T, whereN(0.,3;) is a k-variate normal distribution with null mean
vector. Wy(v, =) denotes a Wishart distribution of dimensiénwith possibly time-
varying and stochastic degrees of freedom parametand scale-matri¥,. The Wishart
distribution accounts for the positive definiteness of tagance-covariance matrix and
the time-varying parameters can be governed by other lateatogenous variables.

In the following examples we present some alternative stsioh representations of the
Wishart stochastic volatility process defined above. Irfitlseexample we follow Philipov
and Glickman (2006), in the second one Gourieretial. (2004). The remaining exam-
ples extend the basic Wishart MSV models by introducing alk@aiswitching process,
which accounts for sudden changes in the volatility levéie proposed models can be
considered a multivariate extension of theedal. (1998) univariate stochastic volatility
process with Markov-switching.

Example 1- Autoregressive Wishart Process (ARW(1))
In order to introduce a first-order autoregressive dynamithé stochastic volatility we
set

— 1 — 7
S W (LA A ) ©

whereA € M*, AY/? s its Cholesky decomposition antds a scale factor. The matrix
power is defined by = A"1. A, n > 1, A° = I, with I, the identity matrix. The
Wishart process is stationary fdre (—1,+1), as discussed in Philipov and Glickman
(2006). In our study we consider diagonal matfix= diag{ (a4, ..., a;)} and scale factor
d € (0,1), in order to avoid an inverse relation between two conseeugalisations of
the covariance process.

Fig. 1 shows observations and latent volatilities simadtem a stochastic volatility
model of dimensiot = 5. Fig. 2 exhibits the time evolution of the stochastic catiein
structure, which is implicit in the simulated covarianceg@ss. In the simulation we use
the following parameter settingi = 0.3, v = 19 and A~! = 0.0125diag{/'} where
v=(1,...,1) € R



Figure 1:: Simulated stochastic volatility model. Left column: silaied observable
procesy,. Right column: simulated latent volatiliti€s ¢, . . . , 055 ), whereo;;; denotes
the (i, j)-th element ofs}’%. In the simulation study we assunde= 0.3, v = 19,

A=t = 0.0125 I5, wherel,, denotes the identity matrix of dimensién
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Figure 2:: Simulated stochastic correlations. Matrix of graphs espnting the time
evolution of the componenis;;, = 0;:/(c:10;;:), With j > 7 of the correlation matrix,

whereo;;; denotes thé¢:, j)-th element objtl/Q. The time-varying stochastic correlation
structure is implicit in the simulated Wishart covarianceqgess.
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Example 2- Wishart Autoregressive Process (WAR(1))

Let x,,, € R, withm = 1,...,v andv € N,, be a sequence of first-order vector
autoregressive processas:~ N, (Ax;_1,Y), whereA € M*. Then ak-variate Wishart
process of the first order is defined ds = E;‘Ll xmex,,, and its transition density is
non-central Wishart:, ~ Wj, (v, %, A). This definition and some generalisations can be
found in Gourierowet al. (2004). Note that the model in Philipov and Glickman (2006)

is defined also for non-integer values.of

O
Example 3- Markov-Switching Autoregressive Wishart (MS-ARW(1))
We introduce a Markov-switching process in the dynamics©iefARW(1)
1
St~ Wi (s AL (41 ) @
Vst
siv1 ~ P(sr=jlsy =) =py with 4,je{l,....E} (5)

whereA; € M*%, Vi € {1,..., E}. The Markov-switching process accounts for sudden
changes of regimes in the volatility behavior. When the patansy,, ., = v andd,,,, =
d, i.e. they are constant over regimes, then the MS-ARW(1)wausdor different regimes
in the volatility levels. Fig. 3 and 4 give a simulated exaenpt MS-ARW(1) with A,, .,
diagonal matrix, which excludes spill-over effects. Thgimees-switching in the matrix
A,,., influences the scale of the observable producing diffemrél$ of volatility (see
Fig. 3). Note that the correlation matrix (Fig. 4) is noteeated by the Markov-switching
process.

O

Example 4- Markov-Switching Wishart Autoregressive (MS-WAR(1))
Let x,,, € RF, withm = 1,...,v andv € N,, be a sequence of Markov-switching
first-order vector autoregressive processes~ N (Ast:ct_l, Y +1), where4,; € M*
Vie{l,...,E}. Theny, = "M @,,2 , isa MS-WAR(L).

O

3. Matrix-State Particle Filter

The estimation of the latent-variable model presented uti@e 2. configures a prob-
lem of discrete-time nonlinear filtering, with unknown paeters. In our model neither
the Kalman-Bucy nor the Hamilton-Kitagawa filters can be usleds alternative proce-
dures should be considered. We bring into action a simuldiessed nonlinear-filtering

procedure called Particle Filter, which is in the generakslof Sequential Monte Carlo
methods.

We follow a full Bayesian estimation approach and proposgadihésequential estimation

of the parameters and states of the matrix-valued dynamitem®he Bayesian approach
is general enough to account for nonlinear models and far imformation on the pa-

rameters. Another feature of this framework is to allow tee af simulation methods in
the inference process.



Figure 3:: Simulated MS volatility model. Left column: simulated @pgable process
y, (black ling and hidden volatility regimes; (grey lin. Right column: simulated
latent volatilities (011, . . ., o55:), Whereo,;, denotes thei, j)-th element ofS}’>. In
the simulation study we assume= 0.3, v = 19, A;' = 0.11;, A;* = 0.04 5 and

A7 = 0.0125 I, wherel,, denotes the identity matrix of dimensién
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Figure 4:: Simulated stochastic correlations. Matrix of graphs espnting the time
evolution of the components;;; of the correlation matrix. The correlation structure is
implicit in the simulated Wishart process and is not affddig the switching dynamics.
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3.1 Parametersand Latent Variables Estimation

Following Harrison and West (1997) in this contribution weose a probabilistic repre-
sentation of a stochastic dynamic model with matrix-valstdes and observations. Let
M, C R, M, C R"*™= and M, be the observation, state and parameter spaces
respectively. LefY, € M, denote the matrix of observationX, € M, the matrix-
valued hidden state ar§l € M, the parameter. A matrix-valued dynamic Bayesian
model can be defined as

Y, ~ p(YX &) (measurement density) (6)
X, ~ p(XyX;1,Y141,€)  (transition density) @)
Xy ~ p(Xol€) (initial density) (8)
£ ~ pe) (prior density) 9)

witht=1,...,T.

The MSV models presented in our work are special cases ofgmeral state space
model, where€ = ((ay,...,am),d,v) € R¥*2 Y, = y,, withy, € R* and X, =
¥, with 3, € M". The first advantage of the proposed probabilistic reptasien is
that it allows us to naturally introduce nonlinear filteringethods techniques based on
simulation methods. Another advantage is that it includesgecial cases many well
know dynamic models. It includes also the matrix-valueddingaussian model, recently
studied in Choukroun (2003) and Bar-Itzhaatkal. (2006).

In the stochastic filtering literature the matrix-valuedtstand observations are usually
stacked into vectors and the filtering procedure is theniegppb the vectorized system.
The vectorized representation could be used to define timaidtlter. Note however that
working with the vectorized system representation coudd i some difficulties. When
the original model is nonlinear and non-Gaussian the aigalyfiorm of the vectorized-
state transition density is not straightforward and theébphilistic constraints, such as
the positive definiteness of the states matrix, on the algimodel could not be easily
imposed in the vectorized system.

In this work we do not vectorize the system and present idstiea optimal filtering
problem for the original dynamic Bayesian model. In order $tneate the parameter
we introduce a general definition of statd; = (X, £,) and of augmented state space:
M, = M, x M¢. The state and observation one-step-algadiction densitieand the
augmented-statétering and thesmoothing densitiegre

p(Zt+1‘Y1:t) - / p(Xt+1|Xt;Yl:t;€t+1)5£t(€t+1)p(Zt‘Y1:t)dZt (10)

z

(YY) = / P(Y 1| X1, &00)0(Z 101 |Y 14)dZ 4y (11)

z

p(Y 11| Zi)p(Z 11 |Y 124)
Z, 1Y = 12
p( t+1| 1.t+1) p(Yt+1|Y1:t) ( )
In this work we extend th&egularised Auxiliary Particle Filte(R-APF) due to Liu and
West (2001) to matrix-valued state space models and appbytiie proposed Wishart
MSV models. Let{ Z}, wi}¥ | be a weighted random sample, which is approximating the
filtering density at timeg. At the time step + 1, as a new observatio¥,,, arrives, we




Figure 5:: The absolute Effective Sample Size at each iterationmeséid overi0 in-
dependent runs of the R-APF on different simulated datad#ts.apply the R-APF to
samples of3, 000 observations simulated from Eq. (1)-(2). Left-chart: ES6i = 5,
varying the number of particlesv = 1,000 (light grey), N = 5,000 (dark grey and
10,000 (blacK. Right-chart: ESS forV = 1,000 varying the dimension of the state-
matrix: fromk = 2 to k = 5. The darker the line color, the lower the valuekof
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can approximate the prediction and filtering densities 0) @ind (12) as follows

N
pN(Zt+1|Y1:t) = Zp(Xt+1|Xiv Y., £t+1>Kh(€t+1 - fi)wi (13)
i=1
N
pN(Zt+1|Y1:t+1) X ZP(Yt+1|Zt+1)P(Xt+1’X; Y., Efg)Kh(EtJrl - 5;)1035 (14)

i=1

A simple way to obtain a weighted random sample from the apprated filtering density
at timet + 1 is to apply importance sampling to the density given in Eqg4).(1We
propagate each particle of the set through the importanesitye(Z, 1|Z., Y 1.141) =
P(X 1| XL Y 1, €0 Kn(€,1 — £)), then particle weights, ; update as follows

&0 - P(Yt+1\zt+1)Kh(5t+1 - ﬁé)P(ZtH\Zia Y, §t+1)w§
o Q(Zt+1|Z7£7 Yl:t+1)
o< wy p(Yi41|Z31q)- (15)

4. Simulation Results

We apply the regularised SMC algorithm for matrix-valuettesto the MS-ARW(1) given

in Example 3. We initialize the algorithm by running a Giblasrpler on 100 observa-
tions. We omit here the details about the choice of the pribesfull conditionals used in
the Gibbs sampler. The parametan regularisation step of the SMC algorithm has been
chosen following usual optimal criteria. In this work we geat the simulation results
about the efficiency of the algorithm for this model.



We measure the numerical efficiency of the algorithm by eaadg at each iteration the
Effective Sample SiZ&SS), that is defined as

-1

N i 2
ESS = _ 16
; (Z;‘V—l wi) o)
and varies between 1 (all but one particle weights are nall) /& (equal weights). A
related criterion is the coefficient of variation (see Liwda@hen 1998). For the MSV
model in Example 3 we evaluate the ESS varying the numberntities (V = 1,000,
5,000, 10,000) and the dimension of the state-matrix £ 2, 3,4,5). For givenN and
k, at each time step, the mean ESS has been estimated overep@ivnt runs of the
R-APF on different simulated datasets. Fig. 5 shows thetesul
As one could expect, increasingimproves the absolute efficiency of the filtering proce-
dure (left-chart), although the relative efficiendy{S;/N) is decreasing. As showed in
the right-chart the efficiency is also affected by the dinnemsf the latent variable space.
The higher the state-matrix dimension is, the lower the migakefficiency is.

5. Conclusion

In this paper we propose new Wishart stochastic volatilipdels. The parameter of the
Wishart autoregressive process is governed by a first-dvidekov chain. We propose a

Sequential Monte Carlo approach for the joint estimatiorheffiarameter and the hidden
state-matrix. By means of simulation experiments, we dstusefficiency of the method

and the dimensionality problem.
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